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In this Supplementary Material, we review the calculation of the analytic forms for the ⇡ and   electron wavefunc-
tions in graphene in the tight-binding approximation, which are needed for the determination of the scattering rate in
Eq. (5) of the main text. Our discussion follows Chap. 2 of Ref. [37] closely and we refer the interested reader there
for a more comprehensive introduction.
The tight-binding Bloch wavefunction for an electron located on sub-lattice   with periodic lattice momentum
` = (`x, `y) is
  (`, r) =
1p
N
X
N
ei`·RN  s (r RN ) , (S1)
where the sum runs over N lattice sites s with position RN . In practice, we only sum over nearest-neighbor sites. For
example, if the coordinate system is centered at an A site in the unit cell (open circle in left panel of Fig. S1), then
the nearest neighbors consist of three B sites (solid circles) located at R1,R2, and R3. The Bloch wavefunctions are
then
 A(`, r) =  A (r) (S2)
 B(`, r) =
3X
j=1
ei`·Rj B(r Rj) .
Electrons in the ⇡ band are in the 2pz atomic orbital of carbon. Therefore,  A(r) =  B(r) =  2pz (r) because the A
and B sites are both identical carbon atoms. The hydrogenic orbital for a 2pz electron in carbon is
 2pz (r) = 3.23 a
 3/2
0
r
a0
e Zeffr/2a0 cos ✓ , (S3)
with a0 the Bohr radius. We take the e↵ective charge Ze↵ ' 4.03 to reproduce the nearest-neighbor overlap s =
0.129 [37]. The wavefunction for a ⇡ electron in graphene is therefore
 ⇡(`, r) = CA(`) A(`, r) + CB(`) B(`, r) , (S4)
where CA,B are constants that depend on `. In the following, we will suppress their ` dependence for notational
simplicity. This wavefunction must satisfy
H  ⇡ = E⇡(`) ⇡ , (S5)
where H is the crystal Hamiltonian and E⇡ is the energy of the ⇡-band electron. Defining the vector C = (CA, CB),
Eq. (S5) can be rewritten as
HC = E⇡(`)SC . (S6)
Here, S is the overlap matrix
S  0 = h  (`, r)|  0(`, r)i , (S7)
which becomes
S =
✓
1 sf(`)
sf(`)⇤ 1
◆
(S8)
for the ⇡ electrons. The overlap between nearest-neighbor atomic orbitals is
s =
Z
d3r  ⇤2pz (r) 2pz (r Rj) = 0.129 . (S9)
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FIG. S1: (left) Graphene is comprised of two triangular carbon sub-lattices, which are illustrated by the open and solid circles.
The lattice vectors a1,2 are indicated by the red arrows, and the nearest-neighbor vectors R1,2,3 are shown in purple. The gray
diamond depicts the unit cell. The nearest-neighbor distance is a = 0.142 nm. (right) The valence-band diagram for graphene,
as determined from the procedure outlined in the Supplementary Material. The Brillouin zone is shown in the inset, with the
high-symmetry points  , K, and M labeled.
Additionally, f(`) is the phase factor
f(`) = ei`·R1 + ei`·R2 + ei`·R3 (S10)
= ei`xa + 2e i`xa/2 cos
 p
3`ya
2
!
,
where a = 0.142 nm is the nearest-neighbor distance.
Similarly, the transfer matrix H is defined in terms of the crystal Hamiltonian H as
H  0 = h  (`, r)|H |  0(`, r)i , (S11)
and can be written as
H =
✓
✏2p tf(`)
tf(`)⇤ ✏2p
◆
, (S12)
where the transfer integral t is
t =
Z
d3r  ⇤2pz (r)H  2pz (r Rj) =  3.03 eV . (S13)
By convention, the 2p orbital energy is set to the reference value ✏2p = 0.
The energy eigenvalues are obtained by solving det [H  E⇡(`)S] = 0. The result is
E⇡(`) =
✏2p ± t|f(`)|
1± s|f(`)| , (S14)
where the plus sign corresponds to the valence ⇡ band and the minus sign corresponds to the conduction ⇡⇤ band.
The corresponding eigenvectors are
C(`) =
1p
2
✓
1
±ei'`
◆
, with '` =   arctan
✓
Imf(`)
Ref(`)
◆
. (S15)
Thus, the complete expression for the ⇡ wavefunction is
 ⇡(`, r) = N`
 
 A(`, r) + e
i'`  B(`, r)
 
, (S16)
3where N` is a normalization constant. For our rate calculation, we must also consider the   electrons, which are in
a superposition of the 2s, 2px, and 2py orbitals. Since these orbitals are even under reflection in the graphene plane
while the 2pz orbital is odd, there is a super-selection rule forbidding the ⇡ band from mixing with the   bands, and
we can diagonalize the   electrons separately. To obtain the energies and wavefunctions for the   electrons, we follow
a similar procedure as for the ⇡ electrons. However, the calculation is now more involved as the transfer and overlap
matrices are 6⇥ 6 when written in the  2sA, 2pAx , 2pAy , 2sB , 2pBx , 2pBy   basis. For example, the AA sub-matrices are
SAA =
0@ 1 0 00 1 0
0 0 1
1A and HAA =
0@ ✏2s 0 00 ✏2p 0
0 0 ✏2p
1A , (S17)
where ✏2s =  8.87 eV is the energy of the 2s orbital relative to ✏2p = 0. The BB sub-matrices are identical to
Eq. (S17). The AB sub-matrices are more complicated: for the overlap matrix, we have
SAB =
0@ Sss Sspx Sspy Sspx Spxpx Spxpy
 Sspy Spxpy Spypy
1A , (S18)
with elements
Sss = Sss
 
ei`xa + 2e i`xa/2 cos
 p
3`ya
2
!!
Sspx = Ssp
 
 ei`xa + e i`xa/2 cos
 p
3`ya
2
!!
Sspy =  i
p
3Ssp e
 i`xa/2 sin
 p
3`ya
2
!
Spxpx =  S  ei`xa +
(3S⇡   S )
2
e i`xa/2 cos
 p
3`ya
2
!
Spxpy =
i
p
3
2
(S  + S⇡)e
 i`xa/2 sin
 p
3`ya
2
!
Spypy = S⇡ ei`xa +
(S⇡   3S )
2
e i`xa/2 cos
 p
3`ya
2
!
.
The elements of the AB transfer matrix, HAB , can be constructed by replacing S ! H and S ! H in Eq. (S18).
Table S1 shows the numerical values of the transfer and overlap matrices used in our calculation. Sss, S , and S⇡
are taken from Ref. [37]. Because the graphene plane breaks spherical symmetry, the Ze↵ used in the 2pz orbital need
not be the same as for the other orbitals. For self-consistency, we choose the values of Ze↵ for the 2px/2py and 2s
orbitals separately to reproduce the values for S  and Sss in Table S1: Z
2px/2py
e↵ ' 5.49 and Z2se↵ ' 4.84. This fixes
the functional form of all valence orbitals:
 2px(r) = N a 3/20
r
a0
e Z
2px/2py
eff r/2a0 sin ✓ cos', (S19)
 2py (r) = N a 3/20
r
a0
e Z
2px/2py
eff r/2a0 sin ✓ sin', (S20)
 2s(r) = N a 3/20
✓
1  Z
2s
e↵r
a0
◆
e Z
2s
effr/2a0 . (S21)
The resulting self-consistent value for the 2s/2p overlap Ssp is 0.163, which di↵ers slightly from Ssp = 0.10 found
in Ref. [37]. However, the uppermost   band is una↵ected by this change, and the e↵ect on the lower two   bands is
at most 1 eV, so we do not expect this di↵erence to appreciably a↵ect the rate. The band structure for our choice of
parameters is plotted in the right panel of Fig. S1.
4S value H value (eV)
Sss 0.21 Hss -6.77
Ssp 0.16 Hsp -5.58
S  0.15 H  -5.04
S⇡ 0.13 H⇡ -3.03
TABLE S1: Inputs for the transfer and overlap matrices [37].
The momentum space orbitals are well-approximated by
e 2px(k) ⇡ eN a3/20 a0 kx✓
a20 |k|2 +
⇣
Z
2px/2py
e↵ /2
⌘2◆3 , (S22)
e 2py (k) ⇡ eN a3/20 a0 ky✓
a20 |k|2 +
⇣
Z
2px/2py
e↵ /2
⌘2◆3 , (S23)
e 2s(k) = eN a3/20 a20|k|2    Z2se↵/2 2⇣
a20 |k|2 + (Z2se↵/2)2
⌘3 . (S24)
The 2s result is exact as the Fourier transform can be performed analytically. In all cases, the dependence on |k|2
in the denominator dominates over the smaller powers of k in the numerator, and thus the argument for forward
scattering described in the main text holds equally well for all four bands.
